We study the generation of hybrid entanglement in a one-dimensional quantum walk. In particular, we explore the preparation of maximally entangled states between position and spin degrees of freedom. We address it as an optimization problem, where the cost function is the Schmidt norm. We then benchmark the algorithm and compare the generation of entanglement between the Hadamard quantum walk, the random quantum walk and the optimal quantum walk. Finally, we discuss an experimental scheme with a photonic quantum walk in the orbital angular momentum of light. The experimental measurement of entanglement can be achieved with weak values measurements.
I. INTRODUCTION
The notion of entanglement plays a central role in quantum information theory [1] and is a key concept for quantum technologies, as for example quantum teleportation [2] , quantum key distribution [3] , Bell inequalities and non locality [4] [5] [6] . In this context, the preparation of entangled states is of high importance for applications of quantum technologies.
Although entanglement is generally studied between different particles, it can also be defined between different internal degrees of freedom of the particles and such entanglement is called hybrid entanglement [7, 8] . Among others, the experimental preparation of single-particle hybrid entanglement has particularly attracted great interest [9] . For a single photon, one can study the hybrid entanglement between degrees of freedom such as the polarization, orbital angular momentum, time-bin energy or spatial mode [10] . Although these concepts are at the single particle level, they have applications in metrology [11] , quantum teleportation [12] , etc. Furthermore, the possibility of transferring entanglement between particles into hybrid entanglement and vice-versa has recently been realized experimentally [13] .
One of the platforms to generate hybrid entanglement are the discrete time quantum walks. A discrete quantum walk consists in the repeated application of unitary operators, typically a shift operator and a coin operator. Quantum walks have already been realized experimentally [14] in trapped atoms [15] and ions [16, 17] , optical lattices [18] and photonic platforms [19, 20] . We here focus on the realization of a photonic architecture and more specifically on single photon implementation. Over the last decades, photonic quantum information has greatly advanced [10] , and already offers technological applications, such as quantum computation [21, 22] and simulation of Floquet topological insulators [23, 24] . Generally in a quantum wlak, the unitary evolution remains the same throughout the walk [10] . Recently, there has been an increasing interest in non periodic (in time) Quantum walks. For example, disordered quantum walks generate maximally entangled states in the asymptotic limit [25] . * gratsea.katerina@gmail.com † alexandre.dauphin@icfo.eu
These non periodic quantum walks can also be used for state preparation [26] .
In this work, we explore the preparation of maximally entangled states between the polarization and orbital angular momentum of a single photon with a non periodic quantum walk. There are many measurements related to entanglement but we will restrict the work to the Schmidt norms which is more convenient when dealing with high-dimensional systems [27] . Moreover, we investigate the preparation of highdimensional maximally entangled states between the polarization and orbital angular momentum of a single photon with a quantum walk.
The paper is structured as follows. Section II briefly reviews quantum walks and hybrid entanglement: We tackle the generation of entanglement with a quantum walk. In particular, we study the generation of maximally entangled states and address it as an optimization problem, where the cost function to maximize is the Schmidt norm. Section III presents the numerical benchmarks for the generation of maximally entangled states. Section IV discusses a realistic photonic scheme for the realization and measurement of such quantum walks. Finally, Section V contains the conclusions and outlook.
II. THEORETICAL BACKGROUND

A. One dimensional quantum walk
The quantum walk takes place in a one-dimensional lattice associated to the Hilbert space H = H x ⊗ H C , where H x stands for the position on the lattice and H C for the spin degree of freedom. Initially, the walker is localized on a single site and has an arbitrary superposition of the coin states: |ψ 0 = ∑ σ α 0,σ (0) |0, σ . The quantum walk, sketched in Fig. 1 , consists in the consecutive application of a translation operator T and an on-site rotation operator C i , changing at each time step i. The translation operator T displaces the walker in different directions, depending on the coin state
The coin operator C rotates the spin degrees of freedom in the following way ...
FIG. 1.
In a quantum walk, the walker is initially localized to the site m = 0 with an arbitrary superposition over the spin states L (blue) and R (green). Each step i consists in the successive application of a translation T and a rotation C i .
where
are the parameters of the SU(2) rotation [28] . After N steps, the final state reads
and depends on the parameters of the rotations at each step We focus on the hybrid entanglement between position and spin degrees of freedom of a single photon. There are many measurements related to entanglement and we restrict ourselves to the Schmidt norm. Although the system is pure, i.e. ρ(N) = |ψ N ψ N |, we can still define a bipartition between the position and spin degrees of freedom of the photon (See Fig. 2 ). One can perform a singular value decomposition of the matrix α j,σ and find its Schmidt coefficients λ k > 0, where
is written in terms of the dimensions d A and d B of the Hilbert spaces of the subsystems position (A, purple) and spin (B, orange). The Schmidt norm is defined as [29] 
Throughout the rest of the work, we set p = 1. For our system, k = min(d A , d B ) = 2 and the maximum value of the Schmidt norm for a maximally entangled state is therefore equal to √ 2, since
Furthermore, the Schmidt norm can be computed analytically by using the relation between the Schmidt coefficients and the eigenvalues of the reduced density matrix. Indeed, one can write the reduced density matrix as [25] 
where the trace is taken over the position degree of freedom and
multiplies the Pauli vector σ σ σ . The density matrix can then be diagonalized analytically and its eigenvalues are given by E ± = 1/2±|n|. Using the identity E ± = λ 2 ± , one can therefore write the Schmidt norm as
C. Generation of highly entangled states with a quantum walk
We want to generate hybrid entanglement and in particular we want to maximize the Schmidt norm S(w) after N time steps. The problem can be reformulated as an optimization problem where the cost function to maximize with respect to the set of parameters w is the Schmidt norm. In particular, the set of maximal solutions should fulfill ∂ w S = 0, which can be written explicitly as
This optimization problem can directly be related to the minimization of |n| or its derivative ∂ w |n|. This problem has clearly not a unique solution. For example, any Bell states of the form
(| − i, L + |i, R ) maximizes the entropy. Such states can be readily realized experimentally [9] . Furthermore, there is no guarantee of convexity, which makes possible the existence of local minima. In the next section, we will maximize the Schmidt norm numerically and look at the different solutions. In particular, we will focus on the delocalized solutions. We numerically maximize the Schmidt norm, starting from an arbitrary initial state. In practice, we use a basin-hopping algorithm [30] to minimize the cost function −S. The algorithm starts from a random initialization of the parameters of the cost function and performs a local minimization. Then it completes the following cycle: a local perturbation on the coordinates is applied and the algorithm performs a local minimization. The new minimum is accepted of not following the Metropolis rule of standard Monte-Carlo. This algorithm is particularly well suited from problems with local minima.
We first start to compare the performance of the minimization method with respect to the Hadamard walk and a random walk for N = 10 steps. We consider an initial state with spin |L . Figure 3 shows the density |ψ i | 2 at different time steps i. The spin and position degrees of freedom are labelled by the parameter λ , as shown in Fig. 3(a). Figures 3(b) , (c) and (d) shows the Hadamard quantum walk, random quantum walk for one arbitrary disorder realization and a quantum walk with an optimal set of parameters w. The Schmidt norms are shown during the walk in Fig. 4 . On the one hand, both the Hadamard and the random quantum walks do not succeed to reach a maximally entangled state, as expected. On the other hand, the quantum walk with an optimal set of parameters w reaches a state with a very high Schmidt norm.
In order to systematically investigate the performance of the algorithm, we run it with 10 000 random initial states uniformly chosen over the Bloch sphere. Specifically, we choose the initial states to be
where θ ∈ [0, π], and φ ∈ [0, 2π] are sampled from an uniform distribution. Fig. 3 for the density).While the Hadamard and the random quantum walk are highly fluctuating and not converging to the maximal value of the Schmidt norm, the quantum walk with an optimal set of parameters w generates a highly entangled state. For all the initial states the algorithm reaches a maximally entangled state. We are particularly interested in highdimensional states that exploit the whole Hilbert space. Thus, we study the statistics of the final states ignoring the Bell states, which have already been studied [9] , and states that do not exploit the whole Hilbert space of the position. The selection criteria is chosen such that the population at one of the outer sites | − 10 or |10 to be larger than 10 −4 . Therefore, we have 2992 out of 10 000 iterations satisfying the requirement. Figure 5(a) shows the average Schmidt normS after each step of the walk: the average entanglement after each step smoothly increases until it reaches the maximum value. Figure 5(b) shows the average population of the final states of the walk that exploit the whole Hilbert position space. Interestingly, the definition of the shift operator imposes restrictions to the allowed sites: either odd or even sites survive.
To maximize the spreading of the wave-function in position, we propose to change the maximization procedure by maximizing S + β I, where I is the inverse participation ratio defined as I = Σ i,σ 1/|α iσ | 4 and β is an arbitrary positive con-stant. The addition of this second term will help to spread the wave-function over all the sites. Figure 6 shows the results of the optimization algorithm for β = 0.1. Due to the extra constraint on the inverse participation ratio, the wave function at end of the quantum walk is spread on all the even sites, as shown in Fig. 6(b) . IV. EXPERIMENTAL SCHEME a. Preparation of the state The aforementioned quantum walk can be implemented in the orbital angular momentum (OAM) and polarization of light [23, 24, 31] . The position can be mapped to the OAM as a synthetic dimension and the spins can be mapped to the polarization of light. The shift operator is realized by a q-plate [23, 24, 31] (respectively a g-plate [32] ) and the coin operator is realized by a wave plate. Alternatively, the position can also be mapped to the momentum of light [32] .
b. Measurement of the state The final state |ψ N is a superposition of different OAM sites | j and spin degrees of freedom |σ . The proposed experimental scheme is sketched in Fig. 7 . The population of a specific OAM site | j can be read by adding a spatial light modulator (SLM) and a single mode fiber (SMF): The light passes through a hologram generated by the SLM that shifts all OAM |k to |k − j . Then, the light passes through the SMF that selects only the |0 OAM mode. The state then reads
where H| and V | are the vertical and horizontal polarizations. The complex variables α and β can be found with weak values measurements (See Ref. [33] for a review). Importantly, the complex variables α and β can be expressed in terms of the weak values, provided that the beam has a gaussian profile |φ -which is the case after passing through the SMF [34] -. We briefly describe the main steps of the weak value measurements.
A first set of measurements, sketched in Fig. 7(a) , is performed by placing a polarizer that projects the state |σ onto a non-orthogonal state |σ . The position imaging lens determines the final state of |φ to be the transverse position |x . Then, a charge coupled device (CCD) detects a photon with probability P = | σ |σ | 2 | φ |φ | 2 , which is the "unperturbed" detection probability. The same measurement is performed with a momentum imaging lens.
Then a second set of measurements, sketched in Fig 7(b) , is performed by inserting a birefringent crystal before the polarizer. The latter is slightly tilted with respect to the incident beam and therefore shifts the different polarizations to the same degree ε = τu, where τ is the time needed for the beam to travel through crystal and u is the displacement speed. Therefore, the CCD measures a photon with a "perturbed" detection probability P ε = | σ | φ |e −iε S⊗ p |σ |φ | 2 , where S = |H H| − |V V | is the Stokes polarization operator and p is the transverse momentum operator.
For a thin birefringent crystal, the perturbed and unperturbed detection probabilities have the following relation up to the first order in ε
where S w = σ |Ŝ |σ / σ |σ and p w = φ |p|φ / φ |φ are the weak values of the polarization and momentum respec-tively. The real and imaginary parts of the weak values S w can then be isolated by using the position and momentum imaging lenses respectively and the complex amplitudes α and β can be measured up to an irrelevant global phase.
This measurement be repeated for all OAM sites of the initial state, but the number of measurements stills cales linearly with the size of the quantum system, making this method more advantageous for measuring high-dimensional states than the quantum state tomography (QST) [33] .
V. CONCLUSIONS
We studied the generation of hybrid entanglement in a onedimensional quantum walk. In particular, we studied the generation of maximally entangled states in a quantum walk with different coin operators. We addressed this problem as an optimization problem of the Schmidt norm. This algorithm allows one to generate highly entangled states for walks with around 10 steps, with better performances than the Hadamard quantum walks and in a regime where the disordered quantum walks does not converge yet to a maximally entangled state [25] . This intermediate regime is realistic for state-ofthe-art experiments. We then discussed an experimental implementation in a quantum walk in the OAM and polarization degrees of freedom of light. The characterization of the hybrid entanglement can be performed with weak measurement. This problem can be readily generalized to the generation of entanglement in a 2D quantum walk in the setup proposed in Ref. [32] . It would also be interesting to generate highly entangled states with a reinforcement learning algorithm. Furthermore, these states could be used along with quantum gates for photonic quantum information technologies. Significantly, quantum C-NOT gates for single-photon two qubit quantum logic using polarization and orbital angular momentum have already been proposed [35] and realized experimentally [36] and along with single qubit gates allow the implementation of universal quantum computation [37] . Moreover, it was recently shown that both degrees of freedom of a single photon encoded in the polarization and OAM could be teleported at the same time [12] . It would be of great interest to expand the technique in order to be able to teleport at the same time different degrees of freedom living in a higher dimensional space [38] .
